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Abstract
In this paper, we propose a fundamental solution method for the problems of steady three-dimensional Stokes ﬂow
past obstacles in a planar periodic array. The solutions of these problems are periodic functions which are difﬁcult
to be approximated by the conventional fundamental solution method. In the presented method, we approximate the
solutions by linear combinations of the periodic fundamental solutions presented by Ishii. Some numerical examples
are also included in this paper and their results make a good agreement with the ones of the previous works.
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1. Introduction
The aim of this paper is to present a fundamental solution method, whose detail is given below, for
solving problems of three-dimensional Stokes ﬂow past obstacles in a planar periodic array (see Fig. 1).
Problems of viscous ﬂow past obstacles in a periodic array are important from theoretical and practical
viewpoints and have been studied by many authors as follows. The periodic fundamental solution of the
Stokes equation, the solution of the Stokes equation with forces of the same strength on the lattice points,
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Fig. 1. Three-dimensional Stokes ﬂow past obstacles in a planar periodic array.
was presented by Hasimoto in 1959 [4] and has been applied to many studies of Stokes ﬂows in regions
with spatially periodic structures. Hasimoto himself applied it to the analysis of Stokes ﬂows past small
spheres in a periodic array [4], where the solution is approximated by a superposition of the periodic
fundamental solution and their derivatives. Sangani and Acrivos made an improvement of Hasimoto’s
work [15]. Zick and Homsy presented an integral equation method based on the periodic fundamental
solution for Stokes ﬂow problems with spheres in a periodic array [18]. Recently, the author presented a
fundamental solution method based on the periodic fundamental solution for the problems of steady two-
dimensional Stokes ﬂow past obstacles in a two-dimensional periodic array [14] and the ones of steady
three-dimensional Stokes ﬂow past obstacles in a three-dimensional periodic array [13]. In addition to
the studies based on the periodic fundamental solution, Tamada and Fujikawa studied the problem of
steady two-dimensional Oseen ﬂow past an inﬁnite row of circular cylinders [17]. Liron presented studies
of Stokes ﬂow due to an inﬁnite array of Stokeslets parallel to a plane or in a pipe and applied it to the
analysis of ciliary transport [7–9].
The fundamental solution method is a numerical solver for partial differential equation problems and
is widely used in science and engineering, especially in potential problems, where it is usual to call
this method the “charge simulation method” [16,11]. This method gives an approximate solution by a
linear combination of the fundamental solutions of the differential operator whose singularity points are
positioned outside the problem domain, and has the advantages that (i) it is easy to program, (ii) its
computational cost is low and (iii) it achieves high accuracy under some conditions.
In this paper, we are concerned with the problem of the Stokes equation v−∇p=0 and the continuity
one ∇ · v = 0, where v = (v1, v2, v3)T is the velocity, p is the pressure and  is the viscosity, with no-slip
boundary condition on the surfaces of the obstacles and with the condition that v ∼ v0 as x3 → ±∞,
where v0 is a constant vector. (We take the three-dimensional Cartesian coordinates (x1, x2, x3) so that the
planar lattice where the obstacles are positioned on the plane x3=0.) It may be expected that a fundamental
solution method based on the Stokeslets [2] gives a good approximate solution of our problem. However, it
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is difﬁcult to give a good approximate solution to our problem by the fundamental solution method based
on the Stokeslets because the solution is a periodic function with respect to the coordinates x1, x2, and
is hard to be approximated by a linear combinations of the Stokeslets. We use the periodic fundamental
solution presented in [5], the solution of the Stokes equation with forces of the same strength on the
planar lattice points, to solve our problem by the fundamental solution method. Our method inherits
the advantages of the conventional fundamental solution method and gives a good approximation to the
solution, which is a periodic function, of our problem.
In Section 2, we prepare some notations and formulate our problem. In Section 3, we propose a
fundamental solution method for our problem based on the periodic fundamental solutions. In Section 4,
we show some numerical examples for typical problems. In Section 5, we give concluding remarks and
refer to future problems.
2. Formulation
To begin with, we prepare some notations. Throughout this paper, we denote the set of all the integers
by Z and the set of all the real numbers by R.
We take the three-dimensional Cartesian coordinates (x1, x2, x3) so that the planar lattice of the ob-
stacles is in the (x1, x2)-plane and that the velocity of the ﬂow v is in the x3-direction at inﬁnity, i.e.,
v ∼ v0 = (0, 0, v0)T, where v0 is the magnitude of the velocity at inﬁnity (see Fig. 1). We denote the
position vector by x = (x1, x2, x3) and, in addition, we often use the notation x2 = (x1, x2).
In order to describe the geometry of the lattice of the obstacles, we adopt a terminology used in solid
state physics, that is, lattice vectors and reciprocal lattice vectors (see, for example, the textbook [1]).
Let a1 and a2 be linearly independent constant vectors in the (x1, x2)-plane which span the lattice of
the obstacles. We call vectors of the form a = n1a1 + n2a2, where n1 and n2 are integers, the lattice
vectors and denote the set of all the lattice vectors byL, i.e.,L= {n1a1 + n2a2 |n1, n2 ∈ Z}. Let D0 be
the obstacle positioned at the origin. Then all the obstacles are given by
Da = {x + a | x ∈ D0}, a ∈ L
(see Fig. 2). The domain of the ﬂow D is the exterior of the obstacles, that is,
D= R3
∖{⋃
a∈L
Da
}
.
Besides, we use the reciprocal lattice vectors in order to describe functions on the lattice space by the
Fourier series. Let q1 and q2 be the constant vectors in the (x1, x2)-plane which are biorthogonal to a1
and a2, that is,
ai · qj = ij , i, j = 1, 2.
We call vectors of the form q = l1q1 + l2q2, where l1 and l2 are integers, the reciprocal lattice vectors and
denote the set of all the reciprocal lattice vectors byL∗, i.e.,L∗ = {l1q1 + l2q2 | l1, l2 ∈ Z}.
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Fig. 2. The lattice vectors and the planar periodic array of obstacles.
The problem with which we are concerned is the one of solving the Stokes equation and the continuity
one
v − ∇p = 0 in D, (1)
∇ · v = 0 in D (2)
under the no-slip boundary condition
v = 0 on D (3)
and the condition
v ∼ v0, as x3 → ±∞. (4)
The solution of our problem is given by periodic functions since the condition (3) is a periodic boundary
one. In order to give an approximation of this solution by the fundamental solution method, we adopt the
periodic fundamental solutions in the next section.
3. Fundamental solution method by the periodic fundamental solutions
In this section, we give a fundamental solution method for the problem (1)–(4) based on the periodic
fundamental solution presented in [5].
3.1. Periodic fundamental solution
The periodic fundamental solution which will be applied to our problem is the solution of the equations
v − ∇p + 4Q
∑
a∈L
(x − a) = 0, ∇ · v = 0,
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where Q = (Q1,Q2,Q3)T is a constant vector, and, as presented in [5], it is explicitly given by
v = QS1 − (Q · ∇)∇S2, (5)
−∇p = −4
0
Q(x3) + (Q · ∇)∇S1. (6)
In (5) and (6), S1 and S2 are the functions, respectively, given by
S1(x) = S1(x2, x3) = 1
0
∫ +∞
−∞
dk
∑
q∈L∗\{0}
ei2(q·x2+kx3)
|q + ke3|2 ,
S2(x) = S2(x2, x3) = − 1430
∫ +∞
−∞
dk
∑
q∈L∗\{0}
ei2(q·x2+kx3)
|q + ke3|4 ,
where e3 is the unit vector in the x3-direction, i.e., e3 = (0, 0, 1), and 0 is the area of a unit cell of the
lattice, that is, the area of the parallelogram spanned by a1 and a2. The functions S1(x) and S2(x) are the
solutions of the equations
S2 = S1, S1 = −4
(∑
a∈L
(x − a) − 1
0
(z)
)
,
that is, S1(x) is regarded as the potential due to point charges at the lattice points a ∈ L neutralised by
the negative charge uniformly distributed on the plane x3 = 0. As shown in [5], we have
v ≈ 1
2
( Q
|x| +
Q · x
|x|3 x
)
if |x| ≈ 0,
and, therefore, we can say that the periodic fundamental solution is a periodic version of the Stokeslet
[2]. It will be useful in the discussion later to rewrite the expressions of the periodic fundamental solution
(5) and (6) into
v(x) = T(x)Q, (7)
−∇p(x) = −4
0
Q(x3) + S(x)Q, (8)
where T(x) and S(x) are the 3 × 3 matrices, respectively, given by
T(x) =
⎡
⎣22 + 23 −12 −13−21 23 + 21 −23
−31 −32 21 + 32
⎤
⎦ S2(x),
S(x) =
⎡
⎣ 21 12 1321 22 23
31 32 
3
3
⎤
⎦ S1(x), i = /xi, i = 1, 2, 3.
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Fig. 3. The singularity points j and the collocation ones xi .
Physically, the periodic fundamental solution (5), (6) or (7), (8) illustrates the ﬂow induced by the force
4Q uniformly acting on each lattice point a ∈ L.
Solutions (7) and (8) include the derivatives of S1(x) and S2(x). They are expressed by the Fourier
series, which are inﬁnite sums with slow decay and difﬁcult to be computed directly. The inﬁnite sums
can be computed by an acceleration technique, namely, Ewald’s technique [3].
3.2. Fundamental solution method
We propose a fundamental solution method for our problem (1)–(4) based on the periodic fundamental
solution (7), (8), that is, an approximate solution of (1)–(4) of the form
v(x) ≈ vN(x) = v0 +
N∑
j=1
T(x − j )Qj , (9)
where v0 is the velocity at inﬁnity, 1, 2, . . . , N ∈ D0 are points given by the user (see Fig. 3) and
Q1,Q2, . . . ,QN ∈ R3 are constant vectors to be determined later. Physically, the approximate solution
(9) illustrates the superposition of the uniform ﬂow v0 and the ﬂows induced by the force 4Qj uniformly
acting on each lattice point j + a, a ∈ L.
We remark that the approximate solution (9) exactly satisﬁes the Stokes equation (1), the continuity
one (2) and the condition at inﬁnity (4), since each term T(x − j )Qj , j = 1, 2, . . . , N on the right-hand
side of (9) vanishes as x3 → ±∞. As to the boundary condition (3), we pose the collocation condition
on the approximate solution (9) instead of the boundary condition (3). The collocation condition is the
one that the approximate solution satisﬁes the boundary condition at a ﬁnite number of boundary points,
that is,
vN(xi) = 0, i = 1, 2, . . . , N , (10)
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where x1, x2, . . . , xN ∈ D0 are boundary points of the obstacle D0 given by the user (see Fig. 3). Eq.
(10) is also rewritten into
N∑
j=1
T(xi − j )Qj = −v0, i = 1, 2, . . . , N . (11)
Eq. (11) form a simultaneous linear equations with respect to the unknowns Qj , j = 1, 2, . . . , N . We
determine the coefﬁcient vectors Qj by solving the simultaneous linear equations (11) and obtain the
approximate solution (9).
3.3. Drag force
The drag force F on each obstacle Da, a ∈ L is computed using the data obtained in the fundamental
solution method, namely, we have
F ≈ −4
N∑
j=1
Qj . (12)
The derivation of the above approximation will be given in Appendix A. We here show how we can
understand intuitively that the formula (12) gives an approximate force. Each term T(x − j )Qj on the
right-hand side of (9) corresponds to the ﬂow due to the forces 4Qj on the lattice points j + a, a ∈ L.
Then, the approximate ﬂow vN is the same as the one induced by the summation of the forces 4Qj ,
j = 1, 2, . . . , N . Therefore, from the law of action–reaction, we ﬁnd that each obstacle receives the force
−4∑Nj=1 Qj from the ﬂow vN .
4. Numerical examples
In this section, we show numerical examples for some typical cases. All the computations are carried
out on a SUN Blade150 workstation by using programs coded in C++ with double precision working.
We are here concerned with the problems of Stokes ﬂow past spheres in a planar square array, that is,
the Stokes ﬂow problems in the domain D= {x ∈ R3 | |x − a|>r0,∀a ∈ L}, where the set of the lattice
points L will be given later. The collocation points xi and the singularity ones j are positioned by the
slice point method used in Nishida’s paper [12]. In this method, we put for a ﬁxed integer n(> 3)1
xij =
{
(0, 0, r0), i = 1, j = 1,
r0(sin i cos ij , sin i sin ij , cos i), 2in − 1, 1jni,
(0, 0,−r0), i = n, j = 1,
where
i = (i − 1)
n − 1 , ni = 	2(n − 1) sin i + 0.5
, ij =
2(j + 0.25(−1)i)
ni
1 	x
 denotes the maximal number which is not greater than x.
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Fig. 4. Tracing particles on the Stokes ﬂow past spheres in a planar square array or in a planar triangular array computed by the
presented method.
and obtain the collocation points xi by renumbering xij and the singularity points by j =qxj (0 <q < 1).
The behaviour of the Stokes ﬂow obtained by the presented method past spheres in a square array, i.e.,
an array with
a1 = (a, 0, 0), a2 = (0, a, 0) (a > 0) (13)
and the one past spheres in a triangular array, i.e., an array with
a1 = (a, 0, 0), a2 =
(
cos
(
3
)
a, sin
(
3
)
a, 0
)
(a > 0) (14)
are shown in Fig. 4. Both in the two examples, the radius of the spheres is taken as r0 = 0.2a.
In order to estimate the error of the presented method, we computed the value2
N = max
x∈D0
|vN(x)|
|v0| , (15)
which shows how accurately the boundary condition (3) is satisﬁed. Table 1 shows the error estimates
N for the problems of Stokes ﬂow past spheres with radius r = 0.1a or 0.3a in a square planar array
and in a triangular planar array. The condition numbers of the coefﬁcient matrices of the linear equation
(11) are also included in this table. From this table, we ﬁnd no signiﬁcant difference between the errors
2 The maxima over D0 on the right-hand side of (15) are actually approximated by the maxima over 1000 points distributed
by using the uniform random numbers on D0.
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Table 1
Error estimates of the presented method for the problems of Stokes ﬂow past spheres of radius r0 = 0.1a or 0.3a in a square
planar array and the one past spheres in a triangular planar array
r0/a N Square array Triangular array
q = 0.1 q = 0.3 q = 0.1 q = 0.3
N cond. N cond. N cond. N cond.
46 8E−5 9E08 2E−3 3E05 6E−5 2E08 2E−3 2E05
64 1E−4 9E10 3E−4 7E05 1E−3 6E10 3E−4 5E05
0.1 82 3E−4 1E11 8E−5 6E06 2E−3 1E11 9E−5 4E06
106 6E−7 4E13 1E−5 2E07 8E−7 1E11 1E−5 2E07
128 5E−4 8E13 5E−6 4E08 2E−3 1E14 7E−6 1E08
46 4E−5 6E08 4E−2 9E04 4E−2 1E08 6E−2 3E05
64 1E+0 3E10 6E−2 5E05 4E+1 5E10 6E−2 1E05
0.3 82 1E+1 2E11 6E−2 9E06 5E+1 2E11 2E−2 8E06
106 2E−3 2E13 8E−3 3E07 4E−3 1E13 7E−2 1E07
128 2E+2 5E13 3E−2 7E07 7E+2 3E13 3E−2 2E08
The values in the columns “cond.” are the condition numbers of the coefﬁcient matrices of the simultaneous linear equations
(11).
for the square array and those for the triangular array. In the cases of the radius of spheres r0 = 0.1a, the
performance of the presented method is good and taking the parameter of assigning the charge points
q as q = 0.1 gives a little better results than taking q as q = 0.3. In the cases of q = 0.1, the error N
takes its minimum of order 10−7 at N = 106, which corresponds to taking n as n = 10 in the slice point
method, and, if N gets greater than 106, the error N increase. In the cases of r0 = 0.3a, the performance
of the presented method is not good, and, especially if q = 0.1, the error N gets greater than 10 for some
values of N. However, even in the cases of r0 = 0.3a, the presented method gives a little good results of
N ∼ 10−3–10−2 for N = 106.
As to solve the linear equation (11), we used the standard direct method, namely, the LU decomposition
method with computational cost of O(N3) in spite of the ill-condition of the linear equation as shown in
Table 1. In the case of applying the fundamental solution method to potential problems, Kitagawa gives a
theoretical study of numerical stability of the fundamental solution method in [6], which claims that the
ill-condition of the linear equation appearing in the fundamental solution method does not affect much
the accuracy of the approximate solution. Therefore, we believe that solving the linear equation without
any special techniques causes few problems.
We computed the drag force on each sphere by formula (12). Fig. 5 shows the magnitude of the
dimensionless drag force |F|/(6r0|v0|) on each sphere in the square planar array and in the triangular
planar array as the function of the volume concentration of the spheres, 	= (4/3)r30/(2r00), in the layer
of 2r0 in thickness. From Fig. 5, we have |F| ∼ 6r0|v0| as r0 → 0, which corresponds to Stokes’ law
for the drag force on an isolated sphere.
We here compare the results of computing the drag force by the presented method with the ones in
Ishii’s paper [5], where the solution is approximated by a single periodic fundamental solution with
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/ (6
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r 0
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
r 0
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|)
1.005
1.01
1.015
1.02
1.025
1.03
0e+00 5e-05 1e-04 2e-04 2e-04
	 (square array)
1.005
1.01
1.015
1.02
1.025
1.03
1.035
0e+00 5e-05 1e-04 2e-04 2e-04 3e-04
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Fig. 5. The magnitude of the dimensionless drag force on each sphere in a square planar array or in a triangular planar array as
the function of the volume concentration of the spheres 	.
singularities at the centre of spheres, in the case that the spheres are small. In his paper, the magnitude of
the drag force is given in the form
|F| ≈ 6r0|v0|(1 + C	1/2) as 	 ≈ 0, (16)
where C is a function of a2 such that |a2|<a(=|a1|) with ﬁxed a1. Fig. 6 shows the value C computed by
the presented method or shown in Ishii’s paper [5]. The ﬁgure (a) shows the value C of ﬂows past spheres of
radius r0 =10−2 ×a in a rectilinear planar array, i.e., an array with a1 =(a, 0, 0), a2 =(0, |a2|, 0) (a > 0)
as a function of |a2|/a. The ﬁgure (b) shows the contour maps of the value C for ﬂows past spheres of
radius r0 = 10−3 × a. In the maps of Fig. 6, the value C is shown on the planes with the vertical axis
for the x1-element of a2/a and with the horizontal axis for the x2-element of a2/a. From Figs. 5 and 6,
the results of computing the drag force by the presented method make good agreements with Ishii’s ones
except for the contour line of C = 2.0 and 2.03 in the ﬁgure (b). These disagreements may be due to the
inaccuracy of the presented method in the cases that the spheres are large.
5. Concluding remarks
In this paper, we proposed a fundamental solution method for steady three-dimensional Stokes ﬂow
problems with obstacles in a planar periodic array. In the presented method, the solution is approximated
by a linear combination of Ishii’s periodic fundamental solution taking into account that the solution is a
periodic function with periods of the basic lattice vectors a1, a2. Numerical examples for problems with
an array of spheres show that the presented method is efﬁcient and that its results make good agreements
with the ones in the previous paper if the spheres are small. The performance of the presented method is
not good if the obstacles are large. The improvement of the method for the cases of large obstacles is a
problem for future studies.
The presented method is applicable to problems with obstacles of arbitrary shape in principle contrary
to the fact that Ishii’s approximation in [5] is applicable only to problems with small spheres. However,
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Fig. 6. The value C in (16) computed by the presented method or shown in Ishii’s paper. The ﬁgures of “Ishii’s result” are quoted
from his paper [5]. The ﬁgure (a) show the value C for ﬂows past spheres of radius r0 = 10−2 × a in a rectilinear array as a
function of |a2|/a (a = |a1|). The ﬁgure (b) shows the contour-lines of C for ﬂows past spheres of radius r0 = 10−3 × a and the
values of the contour lines in the ﬁgure “our result” are C = 0.0, 1.0, 1.5, 1.9, 2.0, 2.02 and 2.03 from left to right.
in applying the presented method to problems with obstacles other than spheres, we do not know suitable
distributions of the charge points and the collocation ones. This problem and the application of the
presented method to actual computations in science and engineering are problems for future studies.
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Appendix A. Derivation of the approximation formula of the drag force
In this section, we derive the approximation formula (12) of the drag force F.
We here consider a closed surface S surrounding an obstacle Da. The force acting on an inﬁnitesimal
surface element dS from the outside of S is equal to the momentum ﬂow dG = (dG1, dG2, dG3)T per
unit time through dS (see Fig. A1 ). The inﬁnitesimal momentum ﬂow dG is given by
dG = 
v(v · n) dS − Pn dS ≈ −Pn dS,
where 
 is the mass density, n is the unit normal vector, P is the stress tensor
P =
[
p11 p12 p13
p21 p22 p23
p31 p32 p33
]
, pij = −pij + 
(
vi
xj
+ vj
xi
)
, i, j = 1, 2, 3
(see [10, Section 21.14]) and the terms of O(v2) are omitted on the right-hand side, since the ﬂow is a
Stokes one and the velocity is very small. Then, the drag force F = (F1, F2, F3)T on the obstacle Da is
given by integrating −dG over S and taking the limit S → Da. Consequently, we have
Fi = −
∫
Da
dGi ≈
∫
Da
3∑
j=1
pijnj dS
= −
∫
Da
pni dS + 
∫
Da
3∑
j=1
(
vi
xj
+ vj
xi
)
nj dS
=
∫
Da
(
vi − p
xi
+  
xi
(∇ · v)
)
dV ,
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where we used the Gauss formula on the last equality, or, equivalently,
F ≈
∫
Da
(v − ∇p + ∇(∇ · v)) dV . (A.1)
Substituting v ≈ vN and p ≈ pN into (A.1) and using the relations
vN − ∇pN + 4
N∑
j=1
∑
a∈L
Qj(x − j − a) = 0, ∇ · vN = 0,
we obtain the approximation formula (12).
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